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THE WREATH PRODUCT OF SEMIPRIME SKEW
BRACES IS SEMIPRIME
PATRICK I. KINNEAR
Abstract. In this note, we show that the wreath product of two
semiprime skew braces is also a semiprime skew brace.
1. Introduction
The Yang-Baxter equation (YBE) is an equation of importance to sev-
eral areas of research in mathematics and physics. An overview of the
YBE can be found in Sections 1 and 2 of [Nic12]. An alegbraic structure
known as a skew brace was introduced in [GV17] to study a particular
class of solutions of the YBE, called non-degenerate set-theoretic so-
lutions. The results of [Bac18] fully reduce the classification of these
solutions to the classification of skew braces, giving strong motivation
for the study of skew braces and their structure.
Skew braces are a generalisation of Jacobson radical rings. As such,
many ring-theoretic notions have useful analogues in the context of
skew braces. The notion of an ideal has been defined for skew braces,
and from this we may define several ring-theoretic properties such as
being simple, nil, nilpotent, prime and semiprime. A detailed inves-
tigation of such properties of skew braces was initiated in [KSV18],
and several questions were posed regarding prime and semiprime skew
braces.
It is known that the property of being right nilpotent is preserved by
wreath products of left braces (see [GIC09, Theorem 8.7] and [Smo18,
Lemma 22]). In this note we will show that the wreath product of two
semiprime skew braces is also a semiprime skew brace (Theorem 3.3).
This gives us one way to obtain new semiprime skew braces from old.
This result is proved in Section 3, and builds on the result that the
semidirect product of semiprime skew braces is semiprime, which is
established following some preliminary definitions in Section 2.
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2. Preliminaries
In this section we give some key definitions and basic results, beginning
with the definiton of a skew brace.
Definition 2.1. A skew brace is a triple (A,+, ◦) such that (A,+) and
(A, ◦) are groups and the relation
a ◦ (b+ c) = a ◦ b− a+ a ◦ c
holds for all a, b, c ∈ A.
We denote the identities of (A,+) and (A, ◦) by 0 and 1 respectively.
It can be checked that in any skew brace, 0 = 1. For a ∈ A, the inverse
in (A, ◦) is written a−1. Note that neither (A,+) nor (A, ◦) need be
abelian: in the case where (A,+) is abelian, then we have a structure
called a left brace as first introduced by Rump in [Rum07]. We remark
that the morphisms for skew braces are the natural ones.
It is reasonable to consider how we might obtain new skew braces from
old. In this note we are concerned with the wreath product of skew
braces, which is an instance of a semidirect product. This construction
was defined for left braces in [Rum08], and generalised to skew braces
in [SV18, Corollary 3.37].
Definition 2.2. Let (G,+, ◦), (H,+, ◦) be skew braces and σ : H →
AutSk(G) be a group homomorphism from (H, ◦) to the group of skew
brace automorphisms of G. Then the semidirect product G o H of G
and H via σ is the set G×H equipped with the following addition
(g1, h1) + (g2, h2) = (g1 + g2, h1 + h2)
and the following circle operation
(g1, h1) ◦ (g2, h2) = (g1 ◦ σ(h1)(g2), h1 ◦ h2)
for all (g1, h1), (g2, h2) ∈ G×H.
The wreath product of left braces was investigated in Corollaries 3.5
and 3.6 of [CJR10], and the construction was generalised to skew braces
in Corollary 3.39 of [SV18].
Definition 2.3. Let G,H be skew braces and consider the set
W = {f : H → G such that |{h ∈ H : f(h) 6= 1}| <∞}
as a skew brace when we define addition and circle operations as
(f1 + f2)(h) = f1(h) + f2(h)
(f1 ◦ f2)(h) = f1(h) ◦ f2(h)
for f1, f2 ∈ W,h ∈ H. Then the wreath product of G and H is the skew
brace W oH, with the action of H on W given by σ : H → AutSk(W )
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defined by σ(h)(f)(x) = f(h ◦ x) for all x, h ∈ H, f ∈ W . The wreath
product of G and H is denoted G oH.
Given a skew brace A and an element a ∈ A, we can consider the map
λa : A→ A given by λa(b) = −a+ a ◦ b. Using this map, we define the
notion of an ideal in a skew brace.
Definition 2.4. An ideal of a skew brace A is a normal subgroup I of
(A, ◦) such that λa(I) ⊆ I and a+ I = I + a for all a ∈ A.
The notion of a quotient skew brace is then defined in the usual way.
Definition 2.5. Let A be a skew brace and I ⊆ G an ideal of G. Then
the set of cosets of I in A can be made into a skew brace A/I with
operations given by
(a+ I) + (b+ I) = (a+ b) + I
(a+ I) ◦ (b+ I) = (a ◦ b) + I
for a, b ∈ A.
Given a skew brace (A,+, ◦), we may define an operation ∗ on A given
by a ∗ b = λa(b) − b for a, b ∈ A. In the case that A is a Jacobson
radical ring, ∗ is simply the ring multiplication. The operation ∗ allows
us to define analogues of many ring-theoretic concepts: in particular,
it allows us to define semiprime skew braces as in [KSV18].
Definition 2.6. A skew brace A is said to be semiprime if the only
ideal I of A which has I ∗ I = 0 is the zero ideal.
A skew brace A is called trivial if A ∗ A = 0, and such skew braces
always yield the trivial solution to the YBE. A semiprime skew brace
is a skew brace in which the only trivial ideal is the zero ideal, and so
all its nonzero ideals yield non-degenerate set-theoretic solutions of the
YBE which are nontrivial.
We will finish this section by showing that the semidirect product of
semiprime skew braces is semiprime. This follows as an easy corollary
of the following result, which gives sufficient conditions for a skew brace
to be semiprime and has an analogous proof to the corresponding ring-
theoretic result.
Lemma 2.7. Let A be a skew brace and I ⊆ A an ideal of A. If I and
A/I are semiprime skew braces, then so is A.
Proof. Let J be an ideal of A. Then J + I is an ideal of A/I and
it is straightforward to check that (J + I) ∗ (J + I) ⊆ J ∗ J + I. If
J ∗ J = 0 then it follows from semiprimality of A/I that J + I = 0 in
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A/I, so J ⊆ I. But then J is an ideal of I, so J ∗ J = 0 implies J = 0.
Therefore A is semiprime. 
Corollary 2.8. Let G and H be semiprime skew braces. Then the
semidirect product GoH via σ : H → AutSk(G), is a semiprime skew
brace.
Proof. It is known that GoH is a skew brace. It is easily checked that
(0, H) ∼= H is an ideal of GoH, and that (GoH)/(0, H) ∼= G as skew
braces. The corollary then follows form Lemma 2.7. 
3. The Wreath Product of Semiprime Skew Braces
We will now extend Corollary 2.8 to a result about the wreath product
of semiprime skew braces. Given semiprime skew braces G,H, we begin
by relating ideals in the skew brace W of Definition 2.3, to ideals in
G. This allows us to show in Lemma 3.2 that W is semiprime. This,
combined with Corollary 2.8 yields Theorem 3.3 which states that GoH
is semiprime.
The lemma relating ideals of G to ideals of W depends on the easily
verified fact that if h ∈ H, g ∈ G and f ∈ W are such that g = f(h),
then g−1 = f−1(h), for f−1 : H → G the inverse of f in (W, ◦).
Lemma 3.1. Let G,H be skew braces and W be as in Definition 2.3,
and I an ideal of W . Then for any h ∈ H, the set
ρh(I) = {g ∈ G : f(h) = g for some f ∈ I}
is an ideal of G.
Proof. For convenience let R = ρh(I). We begin by showing that (R, ◦)
is a subgroup of (W, ◦). Note that the identity in W is the function
0W : H → G such that 0W (k) = 1G for all k ∈ H. Then it is clear that
1G ∈ R.
Let g1, g2 ∈ R, so g1 = f1(h), g2 = f2(h) for f1, f2 ∈ I. Then, as I is an
ideal of W , there is a function f−11 ∈ I, and we have f−11 (h) = g−11 ∈ R.
It is easy to see that g1◦g2 ∈ R, and so we have that (R, ◦) is a subgroup
of (G, ◦).
Now we show that (R, ◦) is normal in (W, ◦). Let x ∈ G, and define
αx : H → G by
αx(k) =
{
x if k = h
1G otherwise
so αx ∈ W . Then
x ◦ g1 ◦ x−1 = αx(h) ◦ f1(h) ◦ α−1x (h) = (αx ◦ f1 ◦ α−1x )(h) ∈ R
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since (I, ◦) is a normal subgroup of (W, ◦). This shows that (R, ◦) is a
normal subgroup of (G, ◦).
In a similar way, we can easily show that λa(R) ⊆ R and a+R = R+a,
for any a ∈ G. Therefore R = ρh(I) is an ideal of G. 
Having associated ideals in G to those in W , we may now observe the
following regarding the wreath product brace W .
Lemma 3.2. Let G and H be skew braces. If G is semiprime, then
the skew brace
W = {f : H → G such that |{h ∈ H : f(h) 6= 1}| <∞}
is semiprime.
Proof. Let I be an ideal of W such that I ∗ I = 0. Then for any h ∈ H
we may associate to I the set ρh(I) as in Lemma 3.1, which by this
lemma is an ideal of G.
Let h ∈ H be fixed and consider g1, g2 ∈ ρh(I), so g1 = f1(h), g2 = f2(h)
for some f1, f2 ∈ I. Then
g1 ∗ g2 = f1(h) ∗ f2(h) = (f1 ∗ f2)(h) = 0W (h) = 1G = 0G
which shows that ρh(I) ∗ ρh(I) = 0. Since G is semiprime, and ρh(I)
an ideal of G, we have that ρh(I) = 0.
Since ρh(I) = 0 for all h ∈ H, it follows that I = 0. This shows that
W is a semiprime skew brace. 
We now combine Corollary 2.8 and Lemma 3.2 to give our final result
concerning the wreath product of skew braces.
Theorem 3.3. If G,H are semiprime skew braces, then their wreath
product G oH is also a semiprime skew brace.
Proof. Let G,H be semiprime skew braces. Then by Lemma 3.2, we
have that the skew brace
W = {f : H → G such that |{h ∈ H : f(h) 6= 1}| <∞}
is semiprime. Then by Corollary 2.8, the semidirect product W o H
is a semiprime skew brace. Then by definition, G o H = W o H is a
semiprime skew brace. 
We remark that the converse of Lemma 3.2 can be shown to hold, using
a result similar to Lemma 3.1 to associate ideals in W to ideals in H.
Then, if the converse of Corollary 2.8 were true, we would also be able
to extend Theorem 3.3 to a biconditional statement. This leads us to
ask: if the semidirect product of skew braces GoH is semiprime, then
6 PATRICK I. KINNEAR
are G and H also semiprime? It is clear that H must be, but it is not
known whether G must be semiprime. This motivates the following
question.
Question 3.4. If G,H are skew braces and their semidirect product
GoH via σ is semiprime, is G semiprime?
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